TRANSLATION-INVARIANT FUNCTION ALGEBRAS ON COMPACT GROUPS JOSEPH A. WOLF
Let X be a compact group. $(X) denotes the Banach algebra (point multiplication, sup norm) of continuous complexvalued functions on X A is any closed subalgebra of d(X) which is stable under right and left translations and contains the constants. It is shown, by means of the Peter-Weyl Theorem and some multilinear algebra, that the condition (*) every representation of degree 1 of X has finite image is necessary and sufficient that every possible A be self-ad joint. If X is connected, then (*) means that X is a projective limit of semisimple Lie groups; if X is a Lie group, then (*) means that X is semisimple. The Stone-Weierstrass Theorem then gives a quick classification of all possible algebras A on an arbitrary connected semisimple Lie group X.
In an earlier paper we characterized the compact groups on which every closed translation-invariant (1) function space is self adjoint [1, Theorem 4.1]. An application of the Stone-Weierstrass Theorem [1, § 7] resulted in a classification of the closed translation-invariant function algebras on the connected Lie groups which satisfied the conditions of the characterization. Those Lie groups are the compact connected semisimple Lie groups with no simple component locally isomorphic to SU(n) (n > 2), to S0(4n + 2), nor to E Q .
In this paper we give a direct characterization of the compact groups on which every closed translation-invariant function algebra is self adjoint. For compact connected Lie groups, the characterization is that the group be semisimple. Many of these groups have closed translation-invariant function spaces which are not self adjoint. Finally we classify the closed translation-invariant function algebras on compact simple simply connected Lie groups, as an example of a general enumeration procedure. The translation group T(X) of X is the group consisting of all transformations 
COROLLARY. Let X be a compact connected group. Then every closed translation-invariant subalgebra of C(X) is self adjoint, if and only if, X is an inverse limit of semisimple Lie groups.

COROLLARY. Let X be a compact connected Lie group. Then every closed translation-invariant subalgebra of C(X) is self adjoint, if and only if, X is semisimple.
The proof of Theorem 3.1 is based on two simple lemmas. Proof. Obvious from the definitions of A r (X) and λ (g) μ.
3.6. Proof of Theorem 3.1. Suppose first that Xhas a representation π of degree 1 with infinite image. Then π(X) is a circle group consisting of the unimodular complex numbers, and π n : x -* π (x) n is another representation of degree 1. Let A be the subalgebra of C(X) spanned by the E πn , n ^ 0. Then A is a closed translation-invariant subalgebra of C(X);πeA and π & A, so A is not self adjoint. Now suppose that every representation of degree 1 of X has finite image and let A be a closed translation-invariant subalgebra of C(X). Then A is spanned by subspaces E β aC(X), say for β running over a subset D A aD, and we must prove that A contains the adjoint of E β for every βeD A .
In orthonormal dual bases of the representation spaces, β(x) = ^{x)~x for every xe X; thus E β * is the adjoint of E β .
Now we need only prove that βe D A implies β* e D A .
Let <xe D A and define y(x) -det α(cc). Then 7 = Λ r (a) where r is the degree of a, so 7 e D A by Lemma 3.5. 7(X) is finite by hypothesis; thus Ύ(X) is cyclic of some finite order n, consisting of the numbers e **iki» m Now 7 = 7-1 = 7* = r ! e4, so j-'eD^ Λ r -\a) e D A and D A is closed under (g), by Lemma 3.5; thus 7" 1 ® A r~\ a) e D A . Lemma 3.4 says α* = 7" 1 ® Λ r~\ a)\ thus α* e D A .
Proof of corollaries. If X is compact connected Lie group, then X=X'
T where X r is the derived group, T is the identity component of the center of X, and ΓflΓ is finite. T is a product of circle groups, X' is semisimple, and the following conditions are equivalent: (i) X is semisimple, (ii) X = X', and (iii) T =• {1}.
Let X be semisimple and let a be a representation of degree 1. a(X) is commutative, so the kernel of a contains X' -X. Thus a(X) is finite.
• Let X be not semisimple. Then S -T/T Π X f is a torus of positive dimension, so there is a nontrivial representation β oϊ S oί degree 1. If TΓ: X-* X/X' = S is the projection, then a -β π is a representation of degree 1 of X and α(X) = /S(S) is infinite. Corollary 3.3 is proved.
Let X be a compact connected group. If π is a finite dimensional representation, we have the Lie group π(X); {π(X)} is an inverse system of compact Lie groups with X as inverse limit, and {π(X)} is maximal for this property. A representation a is of degree 1 with infinite image, if and only if a(X) is a circle group. If each τι(X) is semisimple, then none is a circle group. If some π(X), say ct(X), is a circle group, thien β(X) is not semisimple for β > a, so X cannot be an inverse limit of a subsystem of {π(X)} which consists of semisimple groups. Corollary 3.2 follows. Then A F is a closed translationinvariant subspace of C(X). Condition (iia) says that A F contains the constants, condition (iib) says that A F is self adjoint, and condition (iic) says that A F is an algebra. Thus A ~ Σ βe2 , E β gives a one-to-one correspondence between the classes (i) and (ii). Thus our enumeration problem is reduced to a knowledge of the centers of the groups X { . This information is known; it is summarized in the following table for the convenience of the reader. Here Z {m) denotes the cyclic group of order m and the groups listed are all the compact simple simply connected Lie groups.
For example, the number of closed translation-invariant subalgebras of C(X) properly containing the constants is one (just C(X)) for X = G? 2 , F, or E 8 ; it is two for X = Spin (2k + 1), Sp(n), E 6 or 2^; it is three for X = Spin (4fc + 2) and five for X = Spin (4fc); for X = SU(n) it is the number of divisors of n, counting both 1 and n.
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